For the two-user multiple-input multiple-output (MIMO) broadcast channel with delayed channel state information at transmitter (CSIT) and arbitrary antenna configurations, all the degrees-of-freedom (DoF) regions were obtained. However, for the three-user MIMO broadcast channel with delayed CSIT and arbitrary antenna configurations, the DoF region of order-2 messages is still unclear and only a partial achievable DoF region of order-1 messages was obtained. In this paper, for the three-user MIMO broadcast channel with delayed CSIT and arbitrary antenna configurations, we first design the achievable scheme for each antenna configuration case, and then introduce a structuring method for analyzing the inherent achievable DoF region of the proposed scheme. As a result, the DoF region of order-2 messages is precisely characterized and an achievable DoF region of order-1 messages is completely expressed.
On the other hand, the state-of-the-art works on DoF of MIMO broadcast channel with delayed CSIT and different considerations were provided in [10] [11] [12] [13] [14] . Considering alternative/hybrid CSIT, the sum-DoF for three-user MISO broadcast channel was studied in [10] . Considering security constraint, the sum secure degrees-of-freedom (SDoF) for two-user MISO broadcast channel with an external eavesdropper was investigated in [11] . With the security constraint and alternative/hybrid CSIT, an achievable sum-SDoF for two-user MISO broadcast channel was obtained in [12] , and then the sum-SDoF for two-user MISO broadcast channel with an external eavesdropper was characterized in [13] . For two-user MIMO broadcast channel, when the transmitter are separated as two distributed transmitters, namely MIMO X channel, the SDoF region of MIMO X channel with output feedback and delayed CSIT was presented in [14] .
In this paper, for order-2 messages, we derive an achievable DoF region for arbitrary antenna configurations, and show that the achievable DoF region is the DoF region. For order-1 messages, we obtain an achievable DoF region for max{N 1 + N 2 , N 3 } < M antenna configurations. In addition, we show that the achievable DoF region of order-1 messages can be the DoF region if some critical antenna configuration conditions are satisfied. To achieve these results, we design the achievable schemes of order-2 messages for arbitrary antenna configurations, and the achievable schemes of order-1 messages for max{N 1 + N 2 , N 3 } < M antenna configurations.
For max{N 1 + N 2 , N 3 } < M ≤ N 2 + N 3 antenna configurations, the designed achievable scheme for order-1 messages has a sequential higher-order symbol generation manner, which is the same as that in [6] , [7] for symmetric antenna configurations. However, to deal with the complicated arbitrary antenna configuration setting, we propose new scheme parameters for number of used transmit antennas, number of resultant higher-order symbols, and transmission time. For N 2 + N 3 < M antenna configurations, we generalize our holistic achievable scheme for order-1 messages in [8] with symmetry antenna configurations to the one with arbitrary antenna configurations, which has a holistic higher-order symbol generation manner as well as new scheme parameters. In particular, we analyze the inherent achievable DoF regions of all the proposed achievable schemes via a structuring method. Via this structuring method, we transform (1)
II. SYSTEM MODEL

A. Three-user MIMO Broadcast Channel
A three-user (N 1 , N 2 , N 3 , M ) MIMO broadcast channel with arbitrary antenna configurations at transmitter and three receivers is depicted in Fig. 1 , where the transmitter is equipped with M antennas and receivers 1, 2 and 3 are equipped with N 1 , N 2 and N 3 antennas, respectively.
Without loss of generality, we assume that N 1 ≤ N 2 ≤ N 3 . 1 At the time slot (TS) i, i ≥ 1, the channel state information from the transmitter to the receiver j, j = 1, 2, 3, is denoted by the matrix H j [i] ∈ C N ×M , whose elements are i.i.d. across space and time, and drawn from a continuous distribution. The received signal in the TS i at receiver j is expressed as
where the input signal at transmitter is x[i] and additive white Gaussian noise (AWGN) at receiver j is n j ∼ CN (0, σ 2 ). Given a maximal average transmit power P , x[i] is subject to an average
B. Delayed CSIT
At each TS, each receiver estimates its channel state information matrix and returns it to the transmitter. We assume that the feedback channel from the receivers to transmitter is subject to a 1 Given any three receivers, one can find a receiver with the highest number of antennas, a receiver with the medium number of antennas, and a receiver with the least number of antennas. The receiver with the highest number of antennas is denoted by receiver 3, the receiver with the medium number of antennas is denoted by receiver 2, and the receiver with the least number of antennas is denoted by receiver 1. Therefore, without loss of generality, we can assume that N1 ≤ N2 ≤ N3 holds.
. . . . . . Fig. 1 . A three-user (N1, N2, N3, M ) MIMO broadcast channel and delayed CSIT delay, whose value is not smaller than one TS. Therefore, only delayed CSIT, i.e., H j [i − τ ], τ ∈ {1, 2, · · · }, is available at the transmitter. For the channel state information at receiver (CSIR), the CSI feedback can be overheard by other receivers without a delay. Hence, CSIR can be instantaneously known.
C. DoF Region
The order-2 messages rate tuple (R 12 (P ), R 23 (P ), R 13 (P )) is achievable, if there exists a code such that the probability of decoding error approaches zero when the number of channel uses goes to infinity. The channel capacity region of order-2 message C 2 (P ) is the region of all achievable rate tuple of order-2 messages satisfying the average power constraint. DoF region of order-2 messages is defined as follows:
The order-1 message rate tuple (R 1 (P ), R 2 (P ), R 3 (P )) is achievable, if there exists a code such that the probability of decoding error approaches zero when the number of channel uses goes to 6 infinity. The channel capacity region C 1 (P ) is the region of all achievable rate tuple satisfying the average power constraint. The DoF region of order-2 messages is defined as follows:
III. DOF REGION OF ORDER-2 MESSAGES Theorem 1: The DoF region of order-2 messages is given by
Proof: The DoF outer region, the same expression as (5) , is given in sub-section A. The achievable DoF region, expressed via Lemmas 1-4, is presented in sub-section B. It can be verified that the DoF outer region is the same as the achievable DoF region. Hence, the DoF region can be expressed by (5) .
A. DoF Outer region
The idea of presenting the DoF outer region follows that in [4] , [5] . First, we create a physically degraded broadcast channel by providing the output of receiver j to receiver j + 1, · · · , 3.
Then, according to [24] [25] [26] , the feedback will not change the capacity region of the physically degraded broadcast channel, and thus the DoF region of order-2 messages with delayed CSIT is equal to the DoF region of order-2 messages with no CSIT. Finally, using Theorem 2 in [27] for the DoF region of order-2 messages with no CSIT and permuting all possible receiver indexes, we can obtain the DoF outer region, which is the same expression as (5) .
B. Achievable DoF Region
To show the achievability, we divide all the antenna configurations into four specific cases, and then design an achievable scheme for each case.
C. Case 1: M ≤ N 2 Lemma 1: If M ≤ N 2 , the achievable DoF region of order-2 messages is given by
Proof: To achieve corner points of the above region, we can send min{N 1 , M } order-2 symbols for receivers 1 and 2, M order-2 symbols for receivers 2 and 3, and min{N 1 , M } order-2 symbols for receivers 1 and 3, in each TS. The entire region can be attained through time-sharing of the schemes used in achieving the corner points.
D. Case 2: N 2 < M ≤ N 3 Lemma 2: If N 2 < M ≤ N 3 , the achievable DoF region of order-2 messages is given by
Proof: We first design a two-phase achievable scheme, and then show that the inherent achievable DoF region, which is the expression in Lemma 2.
The sketch of proposed achievable scheme is given as follows: In Phase-I, all order-2 messages are transmitted. However, the receivers cannot decode desired messages immediately, due to the lack of equations. To provide lacking equations, order-3 message is generated. In Phase-II, the order-3 message is transmitted so that they can be instantaneously decoded. Delayed CSIT is used to construct order-3 message.
The detailed description for proposed achievable scheme is provided as follows: Phase-I spans In order to decode x ab , receiver 1 needs additional T 12 (M − N 1 ) equations, and receiver 2 needs additional T 12 (M − N 2 ) equations. In order to decode x bc , receiver 2 needs additional
In order to decode x ac , receiver 1 needs additional
Phase-II spans T TSs. Based on CSIT of Phase-I, the order-3 message is generated at transmitter for assisting receivers 1 and 2 to decode desired order-2 messages. To generate order-3 message via the strategy given in Appendix A, in particular, y bc
, and y ab 3 ∈ C T 12 (M −N 1 ) are set as building blocks. In this phase, all order-3 message is transmitted using N 3 transmit antennas.
The feasible transmission time of order-3 messages and order-2 messages is given as follows:
In Phase-II, we provide T 23 (min{M, N 1 + N 2 } − N 2 ) + T 12 (M − N 2 ) equations for receiver 2, T 13 (min{M, N 1 + N 2 } − N 1 ) + T 12 (M − N 1 ) equations for receiver 1, so that the transmitted order-2 messages in Phase-I can be decoded at receivers 1 and 2. Therefore, T, T 12 , T 23 , and T 13 should satisfy the following inequalities so that receivers 1 and 2 can obtain their lacking equations in order to decode desired order-2 messages, respectively.
We next derive the inherent achievable DoF region of the above proposed scheme by structuring method. For brevity, we denote β T 12 + T 23 + T 13 + T . Adding (β − T )N 1 and (β − T )N 2 at both sides of inequalities (8a) and (8b), respectively, we have
Then, dividing both sides of inequalities (9a) and (9b) by βN 1 and βN 2 , respectively, we have
The achievable DoF tuple is expressed as
Therefore, we can re-write the inequalities (10a) and (10b) through the expression of achievable DoF tuple given in (11) as follows, where we have d 12 , d 23 , d 13 ≥ 0.
This shows that the proposed achievable DoF region in (7) can be achieved.
the achievable DoF region of order-2 messages is given by
Proof: We first design a two-phase achievable scheme, and then show that the inherent achievable DoF region, which is the expression in Lemma 3.
The proposed achievable scheme is similar to that in Lemma 2, except for number of used Phase-II spans T TSs. Based on CSIT of Phase-I, the order-3 message is generated at transmitter for helping receivers 1 and 2 decode desired order-2 messages. To generate order-3 message via the strategy given in Appendix A, in particular, y bc
are set as building blocks. In this phase, all order-3 message is transmitted using N 3 transmit antennas.
The feasible transmission time of order-2 messages and order-3 message is given as follows: In Phase-II, we provide (T 12 + T 13 )(M − N 1 ) equations for receiver 1, and (T 12 + T 23 )(M − N 2 ) equations for receiver 2, and (T 13 +T 23 )(M −N 3 ) equations for receiver 3. Therefore, T, T 12 , T 23 , and T 13 should satisfy the following inequalities so that receivers 1, 2 and 3 can obtain their lacking equations, respectively.
We next derive the inherent achievable DoF region of the above proposed scheme by structuring method. For brevity, we denote β
(β − T )N 3 at both sides of inequalities (14a), (14b) and (14c), respectively, we have
Then, dividing both sides of the inequalities (15a), (15b) and (15c) by βN 1 , βN 2 and βN 3 , respectively, we have
Therefore, we can re-write inequalities (16a), (16b) and (16c) via the expression of achievable DoF as follows, where we have d 12 , d 23 , d 13 ≥ 0.
This shows that the proposed achievable DoF region in (13) can be achieved.
F. Case 4:
Proof: We first design a two-phase achievable scheme, and then show that the inherent achievable DoF region, which is the expression in Lemma 4.
The proposed achievable scheme is similar to that in Lemma 2, except for number of used 
Phase-II spans T 12 + T 23 + T 13 TSs. Based on CSIT of Phase-I, the order-3 message is generated at transmitter for assisting receivers 1 and 2 to decode desired order-2 messages. To generate order-3 message via the strategy given in Appendix A, in particular, y bc
The feasible transmission time of order-2 messages and order-3 message is given as follows: In Phase-II, we provide (min{M,
. Therefore, T, T 12 , T 23 , and T 13 should satisfy the following inequalities so that receivers 1, 2 and 3 can obtain their lacking equations, respectively.
We next derive the inherent achievable DoF region of the above proposed scheme by structuring method. For brevity, we denote β T 12 + T 23 + T 13 + T . Adding (β − T )N 1 , (β − T )N 2 and (β − T )N 3 at both sides of inequalities (20a), (20b) and (20c), respectively, we have
Then, dividing both sides of the inequalities (21a), (21b) and (21c) by βN 1 , βN 2 and βN 3 , respectively, we have
Therefore, we can re-write inequalities (22a), (22b) and (22c) via the expression of achievable DoF as follows, where we have d 12 , d 23 , d 13 ≥ 0.
This shows that the proposed achievable DoF region in (19) can be obtained.
IV. ACHIEVABLE DOF REGION OF ORDER-1 MESSAGES
In this section, we present the achievable DoF region of order-1 messages by dividing all the antenna configurations into four specific cases, and show their achievable DoF region, respectively. The following critical condition of antenna configurations is repeatedly used in characterizing the achievable DoF region of order-1 messages:
As a remark, one can see that N 1 + N 2 < N 3 leads to invalidation of the above condition.
A. Case 1:
In this case, an achievable DoF region of order-1 messages has been characterized in Theorem 2 in [9] , which can achieve the DoF outer region if an antenna configuration condition holds.
The sketch of proof of Theorem 2 in [9] is given as follows: Firstly, an achievable scheme was Otherwise, an achievable DoF region is heuristically given without a systematical method.
B. Case 2:
Theorem 2: The proposed achievable DoF region is given by
where regions D 1 , D 2 , and D 3 are given by
and, if condition ( * ) holds, the corner point P 0 is the intersection of the following planes:
Otherwise, the corner point P 0 is given by the intersection of following planes:
(29a), (29b), and
Remark: The proposed achievable DoF region in Theorem 2 is illustrated in Fig. 2 .
Proof: The achievable DoF region in Theorem 2 can be achieved by time-sharing (convex combination) of D 1 , D 2 , D 3 and corner point P 0 . Regions D 1 , D 2 , and D 3 are equal to setting one coordinate of DoF outer region in [5] to zero. Since D 1 , D 2 , and D 3 belong to regions of two-user broadcast channel with delayed CSIT, they can be achieved using the scheme in [5] . Therefore, it remains to show that corner point P 0 can be achieved by the following three-phase achievable scheme:
The sketch of proposed achievable scheme is given as follows: In Phase-I, all order-1 messages are transmitted, but they cannot be immediately decoded. To assist decoding of order-1 messages, order-2 messages are generated with delayed CSIT. The transmission of order-2 messages relies on the proposed achievable scheme for order-2 messages, where order-2 messages are transmitted in Phase-II and order-3 message is transmitted in Phase-III.
The detailed description of proposed achievable scheme is provided as follows: Phase-I spans T 1 + T 2 + T 3 TSs, where order-1 messages are transmitted by coded transmission given in Appendix B with A 1 = N 1 + N 2 and A 2 = A 3 = M antennas. After the coded transmission of order-1 messages, receivers 1, 2 and 3 cannot decode their desired messages, due to lack of equations. In order to decode x 1 a and x 2 a , receiver 1 needs N 1 + N 2 equations and M equations, respectively. In order to decode x 1 b and x 2 b , receiver 2 needs N 1 + N 2 equations and M equations, respectively. In order to decode x 1 c and x 2 c , receiver 3 needs M equations and M equations, respectively.
Phase-II spans T 12 + T 23 + T 13 TSs. Based on CSIT of Phase-I, order-2 messages x ab ∈ C (N 1 +N 2 )T 1 , x bc ∈ C M T 2 and x ac ∈ C M T 3 are generated via the strategy given in Appendix B, to provide lacking equations in order to decode order-1 messages. The proposed achievable scheme of order-2 messages is used to deliver the generated order-2 messages. Therefore, the transmission time for order-2 messages should satisfy the following equivalence relationship:
Phase-III spans T TSs. To facilitate the decoding of transmitted order-2 messages, based on CSIT of Phase-II, order-3 message y abc ∈ C T N 3 are generated via the strategy given in Appendix A.
In this phase, all order-3 message is transmitted using N 3 transmit antennas. The transmission time of Phase-III should be assigned to the value that all receivers can acquire their lacking equations with the same amount of TSs, namely,
Equivalently, it can be re-written as the following linear system:
If condition ( * ) holds, a non-negative solution of above linear system can be given by
Note that any other non-negative solutions are scaling version of above non-negative solution.
We next show that the above solution is equivalent to the corner point given in Theorem 2. For brevity, we denote α T 1 + T 2 + T 3 + T 12 + T 23 + T 13 + T . Adding (α − T )N 1 , (α − T )N 2 and (α − T )N 3 at the both sides of (33a), (33b) and (33c), respectively, we have
Replacing T 12 , T 23 , and T 13 with T 1 , T 2 , and T 3 using (31b), (31c) and (31c), and dividing both sides with αN 1 , αN 2 , and αN 3 , respectively, we have
Since the achievable DoF tuple is expressed as
we have
By re-writing (36a), (36b) and (36c) through (37) and (38), the corner point P 0 can be expressed as an intersection of (29a), (29b) and (29c).
If condition ( * ) does not hold, we cannot obtain a non-negative solution of equations (33a), (33b) and (33c), because of T 12 < 0 for the solution. Therefore, we shift to solve
for achieving a corner point. A solution is given by Proof: According to [5] , a DoF outer region is given by 2, 3 , it is sufficient to show the achievability of strictly positive corner point. As shown in the proof of Theorem 2, if condition ( * ) holds with equality, we have T 1 = 0. This implies that d 1 + d 2 − d 3 = 0, due to (38). Therefore, the strictly positive corner point in the DoF outer region is the same as P 0 . This completes the proof.
Theorem 3: The proposed achievable DoF region is given by
where regions D 1 , D 2 , D 3 are given by
and, if condition ( * ) holds, the corner point P 0 is given by the intersection of following planes:
(46a), (46b), and
Proof: The achievable DoF region in Theorem 3 can be achieved by time-sharing (convex combination) of D 1 , D 2 , D 3 and corner point P 0 . Regions D 1 , D 2 , and D 3 are equal to setting one coordinate of the DoF outer region in [5] to zero. Since D 1 , D 2 , and D 3 belong to regions of two-user broadcast channel with delayed CSIT, they can be achieved using the scheme in [5] .
Therefore, it remains to show that corner point P 0 can be achieved by the following three-phase achievable scheme:
The proposed achievable scheme is similar to that in Theorem 2, except for number of used antennas, resultant order-2 and order-3 message, and transmission time. The detailed description of proposed achievable scheme is provided as follows: Phase-I spans T 1 + T 2 + T 3 TSs, where order-1 messages are transmitted by coded transmission given in Appendix B with A 1 = N 1 + N 2 , A 2 = M , and A 3 = N 1 + N 3 antennas. After the coded transmission of order-1 messages, receivers 1, 2, and 3 cannot decode their desired messages, due to the lack of equations. In order to decode x 1 a and x 2 a , receiver 1 needs N 1 + N 2 equations and N 1 + N 3 equations, respectively. In order to decode x 1 b and x 2 b , receiver 2 needs N 1 + N 2 equations and M equations, respectively. In order to decode x 1 c and x 2 c , receiver 3 needs M equations and N 1 + N 3 equations, respectively.
Phase-II spans T 12 + T 23 + T 13 TSs. Based on CSIT of Phase-I, order-2 messages x ab ∈ C (N 1 +N 2 )T 1 , x bc ∈ C M T 2 and x ac ∈ C (N 1 +N 3 )T 3 are generated via the strategy given in Appendix B, to provide lacking equations in order to decode order-1 messages. The proposed achievable scheme of order-2 messages is used to deliver the generated order-2 messages. Therefore, the transmission time for order-2 messages should satisfy the following equivalence relationship:
In this phase, all order-3 message is transmitted using N 3 transmit antennas. The transmission time of Phase-III should be assigned to the value that all receivers can acquire their lacking equations with the same amount of TSs. That is, we have
We next show that the above solution is equivalent to the corner point P 0 in Theorem 3. For brevity, we denote α T 1 + T 2 + T 3 + T 12 + T 23 + T 13 + T . Adding (α − T )N 1 , (α − T )N 2 and (α − T )N 3 at the both sides of (50a), (50b) and (50c) respectively, we have
By re-writing (53a), (53b) and (53c) through (54), (55a) and (55b), the corner point can be expressed as an intersection of (46a), (46b) and (46c). If condition ( * ) holds with equality, we have T 1 = 0, which implies that d 1 + d 2 + d 3 = 0, due to (55a). Therefore, if M = N 1 + N 2 and condition ( * ) holds with equality, it can be confirmed that the whole DoF outer region is achievable.
If condition ( * ) does not hold, we cannot obtain a non-negative solution of equations (50a), (50b) and (50c), because of T 12 < 0 for the solution. Therefore, we shift to solve
for achieving a corner point. A solution is given by
Due to the relationship revealed by (55a) and (55b), the corner point can be equivalently expressed as an intersection of (46a), (46b) and d 1 + d 2 − d 3 = 0. Proof: According to [5] , a DoF outer region is given by 
and the corner point P 0 is given by the intersection of following planes:
Meanwhile, the corner point P 0 should satisfy
Remark: If the antenna configuration is symmetrical, i.e., N 1 = N 2 = N 3 = N , the corner point P 0 is given by 4M N 7M +2N , 4M N 7M +2N , 4M N 7M +2N . In fact, Theorem 4 is a generalization of the method proposed in our conference paper [8] .
Proof: The achievable DoF region in Theorem 4 can be achieved by time-sharing (convex combination) of D 1 , D 2 , D 3 and corner point P 0 . Regions D 1 , D 2 , and D 3 are proposed based on setting one coordinate of the DoF outer region in [5] to zero. Since D 1 , D 2 , and D 3 belong to regions of two-user broadcast channel with delayed CSIT, they can be achieved using the scheme in [5] . Therefore, it remains to show that corner point P 0 can be achieved by the following threephase achievable scheme:
The sketch of proposed achievable scheme is given as follows: In Phase-I, order-1 messages are transmitted, but they cannot be immediately decoded. To assist decoding of order-1 messages, both order-2 messages and order-3 messages are generated with delayed CSIT. The transmission of order-2 messages relies on the proposed achievable scheme for order-2 messages. The order-2 messages are transmitted in Phase-II and order-3 messages are transmitted in Phase-III.
The detailed description of proposed achievable scheme is provided as follows: Phase-I spans T 1 + T 2 + T 3 TSs, where order-1 messages are transmitted by coded transmission given in Appendix B with A 1 = A 2 = A 3 = M antennas. After the coded transmission of order-1 messages, receivers 1, 2 and 3 cannot decode their desired messages, due to lack of equations.
In order to decode x 1 a and x 2 a , receiver 1 needs M equations and M equations, respectively. In order to decode x 1 b and x 2 b , receiver 2 needs M equations and M equations, respectively. In order to decode x 1 c and x 2 c , receiver 3 needs M equations and M equations, respectively.
Phase-II spans T 12 + T 23 + T 13 TSs. Based on CSIT of Phase-I, order-2 messages x ab ∈
are generated via the strategy given in Appendix B, to provide lacking equations in order to decode order-1 messages. Apart from the above generated order-2 messages, additional order-2 messages and order-3 message is generated for providing more lacking equations, which can be explained as follows: The additional order-2 messages are given by
The order-3 message is given by
The proposed achievable scheme of order-2 messages is used to deliver the generated order-2 messages. Therefore, the transmission time for order-2 messages should satisfy the following equivalence relationship:
In this phase, all order-3 message is transmitted using N 3 transmit antennas. The transmission time of Phase-III should be assigned to the value that all receivers can acquire their lacking equations with the same amount of TSs. Thus, we have
By re-writing (71a), (71b) and (53c) through (72), (73b), (73c) and (73c), the corner point P 0
can be expressed as an intersection of (63a), (63b) and (63c). Due to (73b), (73c) and (73c), the linear system established by (67) and (69) has a non-negative solution is equivalent to conditions (64a), (64b) and (64c) hold.
E. Compared with DoF Outer Region
In this section, for order-1 messages, we compare the proposed achievable DoF region with the DoF outer region in [5] . Numerically, we calculate the achievable sum-DoF from the proposed achievable DoF region and the DoF upper bound from the DoF outer region in [5] , respectively.
The DoF upper bound is defined as maximizing d 1 + d 2 + d 3 over the DoF outer region and the achievable sum-DoF is defined as maximizing d 1 + d 2 + d 3 over the achievable DoF region.
Clearly, the optimal solution is the strictly positive corner point.
In Case 2, Fig. 3 depicts that, if condition ( * ) holds, the proposed achievable sum-DoF is extremely close to the DoF upper bound, which implies the satisfactory performance of proposed schemes. If the condition ( * ) is not satisfied, the DoF gap between the achievable sum-DoF and DoF upper bound becomes increasingly larger. This is because, in this special case, the DoF upper bound is related to N 3 , but the proposed achievable sum-DoF is independent of it. In Case 3, Fig. 3 shows that, if condition ( * ) holds, the proposed achievable sum-DoF is close to the DoF upper bound, however, the difference is greater than that of Case 2, and the gap will also grow larger as N 3 increases. In Case 4, which is irrelevant to condition ( * ), Fig. 3 depicts that the gap between DoF upper bound and achievable sum-DoF reduces as N 3 approaches to M . To sum up, Fig. 3 shows that the condition ( * ) is critical because whether or not it holds significantly affects the performance of proposed design. We can also infer from Fig. 3 that, in Case 4, the larger is the difference between M and N 2 + N 3 , the greater is the performance gap. 
V. CONCLUSION & FUTURE RESEARCH
We showed that the DoF region of order-2 messages for arbitrary antenna configurations. We also obtained an achievable DoF of order-1 messages for max{N 1 + N 2 , N 3 } < M antenna configurations. In the future, research efforts can be devoted to derive the DoF region of order-1 messages for three-user MIMO broadcast channel with delayed CSIT. In addition, based on the results of two-user and three-user broadcast channels with delayed CSIT, we envision that the DoF region of order-k messages for (k +1)-user MIMO broadcast channel with arbitrary antenna configurations and delayed CSIT can be characterized using the methods presented in this paper.
VI. APPENDIX
A. General Achievable Scheme of Order-2 Messages
The general achievable scheme has two phases, where in Phase-I, order-2 messages are transmitted and in Phase-II, order-3 message that assists the transmitted order-2 messages decode are sent. Generally, the number of used antennas and transmission time are undetermined.
In the first step of Phase-I, x ab ∈ C T 12 B 1 desired by receivers 1 and 2 is transmitted using T 12 
